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MULTIVARIATE INTERPOLATION AND
CONDITIONALLY POSITIVE DEFINITE FUNCTIONS. 11

W. R. MADYCH AND S. A. NELSON

ABSTRACT. We continue an earlier study of certain spaces that provide a vari-
ational framework for multivariate interpolation. Using the Fourier transform
to analyze these spaces, we obtain error estimates of arbitrarily high order for
a class of interpolation methods that includes multiquadrics.

1. INTRODUCTION

This paper continues a study, [11], of certain subspaces C, of C(R"), the
continuous complex-valued functions on n-space R”. The spaces C, provide a
variational framework for the following interpolation problem: given numerical
values at a scattered set of points in R", make a good choice of a function f
in C(R") that takes on those values.

For the reader’s convenience we review some basic features of the develop-
ment in [11]. The starting point is the selection of an integer m > 0 and a
continuous function 4 on R” that is conditionally positive definite of order

m. For example: m =1, h(x) = —\/1 + |x|2. Using &, a space C, with
a semi-inner product (-, -), is constructed. C, is a subspace of C (R"), and
the null space of (-, ), is P,_,, the polynomials on R" of degree m — 1 or
less. A key property of C, is this: if x,..., x, are distinct points in R"
and v,, ..., vy are complex numbers, then among all functions f in C, that

satisfy the interpolation conditions f(x;) = v;, the quadratic | f ]|fl =(f, N,
is minimized by a function of the form f =s+ p, where p isin P, _, and

N
(1.1) s(x)=Y_ch(x—x,)

i=1

with Zf\;l cx; =0 forall |a|] < m. For the example mentioned, (1.1) is a
multiquadric interpolant.

Because the spaces C, are translation-invariant, the Fourier transform is a
natural tool for analyzing them; it plays a central role here. To clarify basic ideas
and make an orderly division of our results, we avoided Fourier techniques in
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[11]. We did, however, rely on them in our earlier investigation [10], which
was in fact prompted by the Fourier methods in Duchon [5]. Use of Fourier
transforms allows us to give improved descriptions of the spaces C, (see §3)
and allows us to single out certain cases where error estimates of order / > m
are possible (see §4). These estimates apply to the multiquadric case as well as
to related examples given in §5; for each example given there, the integer / can
be arbitrarily large.

2. PRELIMINARIES

In this section we recall some notation and results involving Fourier trans-
forms and conditionally positive definite functions.

Let Z(R") denote the space of complex-valued functions on R” that are
compactly supported and infinitely differentiable. The Fourier transform of a
function ¢ in & is

2.1) P(&) = / e (x)dx.

In order to make use of theorems from Gelfand and Vilenkin [7], we adopt
their definition of mth-order conditional positive definiteness. (Equivalence
with the definition used in [11] can be seen from Proposition 2.4 and Theorem
6.1 below.) Thus, for a continuous function # we assume

(2.2) /h(x)g/) «G(x)dx >0

holds whenever ¢ = p(D)y with v in & and p(D) a linear homogeneous
constant coefficient differential operator of order m . Here ¢(x) = ¢(—x) and
* denotes the convolution product

0% 9,(1) = /(pl(x)fpz(t ~ x)dx.

Note that (2.2) can be rewritten as

(2.3) / / h(x - )p(x)p(7) dxdy > 0.

The following result can be found in Chapter II, Section 4.4 of [7]; we in-
corporate a remark at the end of that section concerning the case where # is
continuous.

Theorem 2.1. Let h be continuous and conditionally positive definite of order
m. Then it is possible to choose a positive Borel measure u on R" ~ {0},
constants a,,, |y| < 2m and a function y in & such that: 1— x(&) has a zero
of order 2m+1 at & =0 both of the integrals [,_ ., IEP" du(E), Jez1 du(@)
are finite, for all v € & ,

/h(X)W(X) dx = / [W(é) -x&) Y D7'/7(0)% du(é)

|v]<2m

(2.4) a
+ > D”W(O)y—;’ .

[71<2m



MULTIVARIATE INTERPOLATION. 11 213

This uniquely determines the measure u and the constants a, Jor |y|=2m. In
addition, for every choice of complex numbers c_, |a| =

(2.5) Z Z a,,5CCs 20

la|=m|Bl=m

The choice of y affects the value of the coefficients a, for |y] < 2m. Note
that the value of the right side of (2.4) does not change if, for suitable ¢, ¥ is
replaced by ¥+¢ and the a,, for |y| < 2m, are replaced by a7+f (EE du(f).

As can be seen from

(2.6) (—)" / X p(x)dx = D'(0),

changing a coefficient a, on the right-hand side of (2.4) corresponds to changing
h(x) on the left side by adding a constant multiple of x”.

For m =0, (2.4) reduces to [hy = [ W dAi, where A is the Borel measure
on R” given by

ME) = u(E ~{0}) + a,0(E).

Here ¢ is the measure corresponding to a unit mass at the origin; 6(E) =1 if
0 € E and J0(E) = 0 otherwise. Recall that Borel measures that are finite on
compact sets are called Radon measures. We make the usual identification of a
Radon measure on an open set Q C R” with the corresponding distribution in

2'(Q) and write (A, y) = [wdAi. Also, if f€ LIOC(R”) , we identify it with
the distribution in &’ given by (f, w) = [ w(x)f(x)dx. Thus, for m =0,
(2.4) says (h, ¢) = (4, 9).

For an illustration of the theorem when m # 0, take n = 2, m =1,

h(x) = —1/1+ |x|*. Then du(&) = w(&)dé with

(L+]gpe™
(2m)*je)
and a, =0 for |y| =2. If x is even, then the coefficients a, for || =1 are

also 0. The remaining coefficient is a, = — (1 + [ [1 — ¥(&)] w(£)d&) . Details
for this and related examples are given in §5.

We use Tkgo to denote the kth-order Taylor polynomial for ¢ about 0:

w() =

(2.7) T o) = 3 Dl 0>—

|| <k

The integral on the right side of (2.4) can then be written as [ — 7T "Ydu.

The Schwartz space of rapidly decreasing C* functions and its dual, the
space of tempered distributions, are denoted by the usual letters . and %’ .

Proposition 2.2. Let k be a positive integer and let o be a Radon measure
on R" ~ {0} such that f|é|k(1 + 1€ d|o|(&) < 0. Let s be a continuous
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function such that |é|ks(.f) is bounded on R" and 1—5(&) = O(|é|k) at £=0.
Let

k—1

2.8 ut) = | [e"‘“’ -ty Sl ] do(®).

r=0

Then ue C(R"), u(x)= 0(|x|k) as |x| — oo and for all ¢ in &
(2.9) /u(x)(p(x)dx =/(a—sTk"q3) do .

Proof. Let E(t)=e¢ " — Zfz_ol(—it)’/r! and note that u = u,, where

u (x) = / (1—5@) e 9 4 S@E((x, &) do(d).

IS1>a

From |E(?)| < |t|k we have [s(E)E({(x, &))| < |x|k|§|k|s(é)|. Our assumptions

on g and s ensure that 1 — s(&) and |é|k|s(é)| belong to L'(c). Continuity
of u can be established using dominated convergence.

To prove u(x) = o(|x[*), note that [uy(x) — u,(x)| < (¢,(a) + c,(a)|x|),

where ¢, (a) and c,(a) are the results of integrating [1-s(¢)| and |é|k|s(§)| over
0 < |¢] < a with respect to |g|. Given & > 0, choose a > 0 so that ¢ (a) < ¢

and c,(a) < e. From |E(1)| < 2|t|k_l and a >0 we have u (x) = 0(|x|k_l)
as |x| — oo. Thus, we may choose R > 1 such that [u, (x)| < £|x|k for all
|x| > R. Then, for |x| >R,
k k
[u(x)] < Ju, (X)] + [ug(x) — u,(X)] < elx]” + & +elx|".

It follows that u(x) =0 (lxlk) .
To establish (2.9), apply Fubini’s theorem and use
—i x , r o :(!
/Mq)(x)dx = Z D" p(0)>-.

r! a!
||=r

This can be verified by using (y, +---+y,) /rl = Elul:,,y"/a! and (2.6). O

If u is defined by (2.8) with ¢ = u, k = 2m and s = X, then from
(2.4), (2.9) and (2.6) we have (h —u, v) = (q, wv) forall y in & . Here,

4(X) = Xy cam @, (—ix) /71

Corollary 2.3. Suppose h is continuous and positive definite of order m. If
m >0, then there are unique constants a,, |y| =2m, such that

hx)= 37 a(=ix) /71 = o(Ix["™"), as x| = oo
[71=2m
These constants are the same as those appearing in (2.4).
For ease in dealing with (2.5), we develop some related notation. Let V, be
the space of vectors v = (v,) and let 4 be the operator on V, defined

|al=m
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by Av = w where w = Zlﬂl:mAa,ﬂv/i and A, 5= a,,s/(c!B!). Because

of (2.5), A must be real-symmetric. Thus Av = 0 if and only if v Av = 0.
Equivalently, the null space, N,, of A is the null space of the semi-inner

product (v, w), = v Aw. Let H =V, /N, be the Hilbert space obtained by
identifying v and w whenever |[v —w|, = 0. The elements of H, are the
cosets v + N, , and as w varies over such a coset, 4w remains fixed.

By applying Theorem 2.1 we can recover (2.2) for a more convenient set of
functions ¢ . Let

(2.10) 2, = {(0 €D: /x”(/)(x)a’x =0 forall |of < m} .

Clearly, , = {9 € Z:¢(&) = O()¢|")at& = 0}. If w = ¢ = ¢, then
7 =19, s0 '
D'y=Y -DoD'F.
alp!
atp=y
Hence, for y = g+ ¢ with p €2, ,

. i (N B=A\ m
ey Y Di0%- Y Y a,, 200000 mme)e,

! !
. (6] .
lyl<2m lal=m |Bl=m A

where $"(0) is the vector v in V. given by v = D“@(0). From (2.4) we
see that if p € 7, then

(2.12) / h(x)p * §(x)dx = / o du+ 15O,

and (2.2) holds. Since &, includes the functions ¢ for which (2.2) was as-
sumed, we conclude that requiring (2.2) for all ¢ € &, is an equivalent defi-
nition of /4 being conditionally positive definite of order m .
Since ,@m aC Z,,, the latter definition makes it clear that /4 will be condi-
tionally positive definite of order m + 1 if it is conditionally positive definite
of order m. If m is replaced by m + 1 in Theorem 2.1, with 4 held fixed,
the measure x# will remain the same, the coefficients a,, [y[ =2(m + 1), will
be 0, and the lower-order coefficients will change to reflect changes in ¥ and
additional terms in the Taylor polynomial.

In order to apply results from [11], we verify that /4 is in the space Qm(R")
defined there.

Proposition 2.4. Let h be continuous and assume (2.2) holds for all 9 € &, . If
X, ..., Xy aredistinct points in R" and €y, ..., Cy areconstants that satisfy
Efil cx'=0 forall |a| < m, then
N
(2.13) Y e h(x,—x)>0.
1, =1

Proof. Choose g in & with [g(x)dx =1 and g(x) =0 forall |x| > 1.
For ¢ > 0, let g, = ¢ "g(x/e) and take ¢ (x) = X, ¢, &,(x — x,). Then
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7.(8) = 1(£)8(e€) with 7(&) = ¥p_ ce % . From

N
- ch(—ixk)ae_'<x"‘é>

k=1
we find 7(&) = O(|¢|") at £ =0. Thus ¢, € Z, and

0< / h(x)p, * §,(x)dx = / h(t = y)o, (09,00 dedy.

Letting ¢ — 0, we obtain (2.13). O

The following observations will be used in the next section. Let é; =
{p:0€2,}.
Proposition 2.5. Let m > 0 and let u be a positive Borel measure on R" ~ {0}
that satisfies [(|E]"/(1 + |&]"™)*du(&) < co. If 2k > m, then Q‘Zk is a dense
subset of Lz(ﬂ).

Proof. Let g € L*(u) and ¢ > 0. Choose g, € Z(R" ~ {0}) so that
lg — gllle(#) < ¢. Then f(&) = |é|_2kgl(é) isin & . Since & is dense in

7, wecan find y € Z sothat forall ¢ in R, |f(&)— ()| <e/(1+]E*).
Multiplying by |é|2k gives

2k
e[¢]
-
L+ e

Let ¢ = (~A)*y. Then 9 € Z, $(&) = |¢[* 7(£) and

%\ 2
/Igl —§l’du < 82/ (1 |f||§|2") du(é).

Thus ||g — 9|l 2 ©an be made as small as desired with ¢ € Z,, . O

1g,(&) — &0 <

Proposition 2.6. If T € ' satisfies T(¢) =0 forall ¢ in <, . then T belongs
to P

m—1"

Proof. Define T, € Z' by T, (¢p) = [x"¢(x)dx and note that ﬂ{Ta_l(O):
la| < m} =2, . By assumption, &, is contained in 77'(0), the null space

of T. 1t follows (see Theorem 1.3 of [9]) that there are constants ¢, such that
T= Z|a|<m ot g

3. FOURIER DESCRIPTION OF Ch

After analyzing the space %h‘m defined below, we will see that it coincides
with the space C, studied in [11]. Among the results emerging from this anal-
ysis is a Fourier transform description of %hm .
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Definition. Let /4 be a continuous function on R” that is conditionally positive
definite of order m. We write f € %, ,(R") if f € C(R") and there is a
constant c(f) such that forall ¢ in &,

< () { | [ = oo dy}l/z .

If fe%, , (R") we let ¢ (f) denote the smallest constant for which (3.1) is
true.

It is easily checked that if f| and f, arein %h’m ,then fi+f, and af|, a€
C,arealsoin %, , with ¢ (f; + /) <c (/) +¢,(f;) and c,(af)) =lalc,(f)).
If feP,  and 9 €T, , then (f,9)=0,50 f€%, , and ¢ (f) =0.
Conversely, if ¢, (f) =0, then f€ P, _, by Proposition 2.6. Thus ¢ (f) is a

(3.1) { [ foxdx

seminorm with null space P, _,; for m =0, take P_, = {0}.
Using (2.12), we note that (3.1) is equivalent to
2 ~(m 212
(32) (f o) < e {18112, + 15" O }
forall ¢ in &, . If veV, and
(3.3) q(x) = ) (4v),(=ix)",
|a|=m

then (¢, ¢) = ¥2,_,,(40),D"9(0) = (5"(0), 0) ,, 50 ¢ €, ,, with ¢,(¢) =
|oll,. If g € L*(u) and u is defined by (2.8) with o = gu, k = m and an
appropriate choice of s (take s =0 for m = 0), then, for ¢ € Z, , (2.9) gives
(u, ) = [pgdu. It follows that u € %, , with ¢ (1) =|gll;2, -

Clearly, %h,m includes all functions of the form f =u+¢q +p with u, ¢
as above and p € P, _| . The next result, when combined with Proposition 2.6,
shows that all functions in %j,‘m can be obtained in this way.

From the behavior of u(x) as |x| — oo, described by Proposition 2.2, we
see that if m > 0 and f=u+q+p, then f(x) =o(|x|") is equivalent to
qg=0 (or Av =0). In any case,

(3.4) % (R C{f€CR"): f(x)=0(x|") as |x| — oo}

Proposition 3.1. Let m, h, u and a, be as in Theorem 2.1. If f € %hm then
there is a function g € Lz(,u) and a vector v €V, such that for all ¢ in D,

(3.5) (. 0)= [Bedu+ 3 (40),D°5(0).

|a|=m
This uniquely determines g and the coset v + N, .

Proof. Define J: &, — H = L*(u)® H, by Jo = & (§"(0) + N,).
From (3.2) we see that |(f, ¢)| < ¢, (f)||[/¢l|l,;. From this we deduce that,
if Jo, = Jo,, then (f, ¢,) = (f, 9,). It follows that there is a bounded
linear functional L on the image J<,, such that L(J¢) = (f, ¢) for all ¢
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in &, . Since H is a Hilbert space, we can choose g ® (0 + N,) so that for
all p in Z,, (f,9)=(Jp,2® (U +N,)), . This gives (3.5).

For uniqueness, we show that /<, isdensein H. Let g, € Lz(u) ,wev,
and 5 > 0 be given. Take 2k > m and use Proposition 2.5 to choose ¢, € Z,,
with ||, = @,l,2,, <n. Note that Jo, = ¢, ®0 since 2k > m. Put p({) =

Yl W,E" /ot and take x € Z sothat 1-7(&) = O(¢[™") at & =0. Define
w,€Z by w, (&) = p(ﬁ)i(a_lé). Then Jy, = ¥, &(w+N,). Choosing ¢ close
enough to 0, we have [|,]l,>,, < 7. Then [lg +(w+ N, —J(g, + ¥ )l <
2n. O

If f€%,,. let Af=g&®(+N,) bethepointin H =L*(u)® H, de-
termined by (3.5). Clearly, the resultmg map A: %, , — H islinear. That A
maps onto H is evident from the remarks leading up to Proposition 3.1. From
(3.2) and (3.5) we see that c,(f) = |Af]l, . Note [Af], = {(f, f) Y=
A1, » where (f,, f,), = (AS,, Afz)H is a semi-inner product for %, , . There
is a corresponding inner product on h m/Prm_ » Which is then a Hllbert space
isomorphic to H under the quotient map assomated with A.

The following provides a converse to Proposition 3.1 and clarifies how the
Fourier transform relates f to g, v in (3.5).

Proposition 3.2. Let m, h, u and a, be as in Theorem 2.1. Fix g € Lz(u),
veV, and f€ ' The following are equivalent:

(a) (3.5) holds for all ¢ in 2, ,

(b) /€. and for every |a| = m, E'F = A, where F is the inverse

Fourier transform of f and 2 is the Radon measure on R" given by

(3.6) A (E) = / £ ¢(&) du(e) + al(4v) S(E).
E~{0}

When this is the case, f €%, ., Af =g&(v+N,) and (f, f), = [|gldu+
v Av .
Proof. Let q be asin (3.3) and let u be defined by (2.8) with* o0 = gu, k =m

and a choice of s that satisfies the hypotheses of Proposition 2.2. If (a) holds,
then (f, ¢) = (u+q, ¢) forall ¢ € Z, . By Proposition 2.6, f - (u+gq) =

peP, . If F=f and t/7(é) = é"(a(é), then

(&'F,9) = == vy +a+p,¥)
/(W m N gd,u-i—ZbD”A )
|a]<m
where the constants b, are determined by g + p(x) = X, <, b, (ix)" . Thus,

(3.7) (EF,p) = / (£ 0(&) - 0) g(€)du(E) + al(Av), p(0),
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which establishes (b). To see that (b) implies (a), let f; = u+ ¢ with « and ¢
as above. Then (3.7) holds for F,, where I'A’l f, - Hence, &°F, =4 _. If (b)
holds, then £°F, = &°F for all |a| = m . This implies F, — F = EI |<mb D6,

which says f, — f € P,_,. Therefore, (a) and the other assertions about f
follow from the corresponding facts about f,. O

For typical choices of 4 (e.g. those considered in §5) the measure u is
absolutely continuous with respect to Lebesgue measure, du(&) = w(£)d¢, and
a, =0 for all |y| = 2m. In such cases the measures 4, in (3.6) are given

by functions F_ in LIOC(R ); dA (&) = F (&)dE, where F (E) = Eg(&w (.f)
From Df = (( iE)*'F)" = (- z)'"/la, we see that (D“f)” = (=i)"(2n)"F
(R"), where I:“u(é) =F (=¢). Let

loc
1
Q2r)*" P w(=¢)

with r(¢) = co when w(=&) = 0. If dp(&) = r(é)d&, then (D*f)” € L*(p)
and

(3.8) r) =

2w
D) I = [ ¢ l';l’z,f)' dule).

Using (4.2) below with [ =m

(39) S B ) Ui = [ leF du=(7. 1),

|ae|=m

Corollary 3.3. Let m, h, u, and a, be as in Theorem 2.1. Assume du(&) =
w(¢)d¢ and a, = 0 for all |y| = 2m Let p be the Borel measure on R"
defined by dp(.f) =r(&)d&, with r as in (3.8). Then f €€, , ifand only if
fe and (D"f)" € Lz(p) for every || = m. In that case, (f, f), is given

by (3.9).
The translation invariant nature of %h,m is evident in the following

Proposition 3.4. Let T be a compactly supported Radon measure on R". If f
is in %, then so is T+ f. Furthermore, if A: %, = — Lz(,u) ®H, is as

h,m’

defined above and Af = g®(v+N,), then A(tx[)=1tg® (t(0)v + N,), where
(&) = [ dr(x).
Proof. If w(x)= [o(x+y)dt(y),then (1 f, 9)=(f, v) and

g& =[] e Ypx +y)dxdy)
(3.10) / /

= [[ 7 Ogz)dzdn) = ).
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If Af=g®(v+N,),so that (3.5) holds, then forall p € 7,

s/ o) = [ Fgdu+ ¥ DUoO)Av),

|a|=m
= / prgdu+ Y 1(0)D"p(0)(Av), .
|al=m

This gives (3.5), with f, g, v replaced by 7« f, tg, t(0)v; the assertions
made are now apparent. 0O

In the next result, (3.11) is equivalent to A(v*h) =n®(w+ N,) and (3.12)
says v(f) = (v*h, f) , - From this it is clear that &,  satisfies condition (c)

h,m
in Theorem 1.1 of [11]. That conditions (a) and (b) are also satisfied can be

seen from the discussion above in which the map A was introduced. Applying
Theorem 1.1 of [11], we conclude that %hm =C,.

Proposition 3.5. Let m, h, u and a, be as in Theorem 2.1. Let v be a com-

pactly supported Radon measure on R" and assume that [ x“dv(x) =0 for all
la| <m. Then vxhe%,  andforall ¢ in Z,

(3.11) wh, o) =/(ﬁndﬂ+ Y (4w) D*5(0),

|a|=m

where n(&) = [ "% dv(x) and wy = D’ n(0) = [(ix)’dv(x). Furthermore,
if f€€, , and Af =g® (v+N,), then

(3.12) /Fﬂdu(x)=/ngdﬂ+wrﬂ.
Proof. If y(z)= [¢(z+y)dv(y), then from (2.4),

(3.13) <V*h,¢>=<h,w)=/v7—iT2 'Gdur Y D'RO

[71<2m
and, as in (3.10), ¥ = ¢n. Clearly, D“n(0) =0 forall [o|<m.If peZ, ,
then D" y(0) =0 for || < 2m, and for |y| = 2m
D'y(0) = Z ,ﬂ,D”’(ﬁ(O)w
a+f=y

Thus, (3.11) follows from (3.13). To establish (3. 12) choose a real-valued
function r in & with 7(0) = 1, and for ¢ > 0 let ¢,(x) = [& "r (32)dv(y).
Then ¢, € &, and

(00 = [Fgdu+ X (40),D°F,0).

|a|=m
This yields (3.12) because

/mdu(x)=yg(1)(f,¢e> and 7.(8) = (@), O
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For s asin (1.1) we have s =vxh with [pdv = Ef\il ¢,¢(x,). Thus, such
functions s belong to %zm

The distribution DA, || > m, can be obtained as a limit of v * A4’s by
choosing v ’s that correspond to appropriate difference operators. Such v ’s sat-
isfy the orthogonality condition [ x“dv(x) =0, |a| < m. Hence, the following
may be regarded as a limiting case of the situation considered above.

Proposition 3.6. Let m, h, u and a, beasin Theorem 2.1. Fix k with |k| > m
and let p(&) = (i&). Then, p € L*(n) if and only if the distribution D*h
belongs to %, ,, . In that case, A((-D)*h) =p®(w+N,) with w, = D"p(0),
la| =m.

Proof. Let w =D"¢p ,s0o w=pp.If p e Z,, , then, by a calculation like that
for (2.11),

@ B~
> Dy(pa)(O)% Y aa+ﬂD P!(O) Dp(0)

. o !
[71<2m la|=m |B]=m g

Using (2.4), we have

(314)  (=Dfh o) =(h.v)= [ phdu+ 3 (4w),D"5(0)

[Bl=m
forall p € Z, . Thisis (3.5) with f = (-D)*h, g=pand v=w.If pe€
Lz(u) we apply Proposition 3.2 to see that f€ %, | and Af =p®(w+N,).
If p ¢ Lz(,u) we apply Proposition 2.5 to obtain a sequence ¢, € Z,, such

that [|§|’du=1 and [pp du — co. We take 2k > m so that D’ §,(0) = 0
when |B| = m. Then (3.14) gives

(=D)Yh, p) = / 7, dp— oo,

,m

Since llﬁllli:(#) + 16" ()% = 1, we see that f = (=D)*h cannot satisfy (3.2)
and hence cannot be in %, | . O

4. ERROR ESTIMATES
In this section we derive bounds on the difference between a function g in
&, ,, and a function gX of minimal %, . norm that agrees with g on a

set X ¢ R" of ‘interpolation points’. These error estimates involve a param-
eter that measures the spacing of the points in X and are of order / in that
parameter; our derivation assumes / > m and

(4.1) / &7 du(E) < .

For the examples given in §5, this assumption is satisfied for arbitrarily large val-
ues of /; see (5.2) below. In particular, the estimates apply to multiquadric in-

terpolation, since the example there with a = —1 gives A(x) = —=2¢/n(1 + |x|2 ).
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Before starting on the error estimates, we look at a related implication of
(4.1). Let p (&) = (i&)". From

(42) @ +re) =Y e

lal=!

we observe that (4.1) holds if and only if p € Lz(u) forall |o| =1/. If a
distribution has all of its /th order derivatives given by continuous functions,
then it will belong to C [(R") . Thus, the following result shows that (4.1) holds
if and only if %, , ¢ C'(R").

Proposition 4.1. Let m, h, u and a, be as in Theorem 2.1. Fix o with
|a| > m. Then the following are equivalent:
(a) p, € L*(), where p,(8) = (i&)";
(b) forevery f in % n» the distribution D® f belongs to C (R") and there
is a constant c, such that forall f in &, ., |D*fll., < cIfll,s
(c) there is a point X, in R" and a constant c, such that for all f in
G NCT L ID (X S c AN -

If these are true, then for all f €&, , andall y €R",

Df(y)= (/. 3, (=D)"h),

Proof. Let f € %h’m and let F be its inverse Fourier transform, so that F = f.
If |a| = m, then, by Proposition 3.2, {*F = A, with A given by (3.6). If
la| > m, then a =o' + f with |a| = m. Hence, ¢°F = A, with A = iﬂ/la,
where 4 is given by (3.6). If (a) holds, then 4, is finite; for |a| = m,
[da,| = [1E°8(@)ldu@)+|(4v),| and for o] > m, [d|A,| = [ £*(@)du(&).
Thus, //1: is continuous and bounded by [d|4_|. Since (iD)*f = (£"F)” = 71;,
we see that (b) holds with ¢, = [|p, ® (p"(0) + N)|l, . Thus, (a) implies (b).

That (b) implies (c) is obvious. To see that (¢) implies (a), let ¥ be an
arbitrary function in Z(R" ~ {0}) and define u by (2.8) with ¢ = yu and
k =m. Then, u€ %, , Au=y ®0 and ||u||f, = [|w|*du. In addition,
ue C® and

D" u(xy) = / e ie) (&) dp(@).

Thus, () gives | [e~' %09 (=i&) w(&)du(©&)| < ¢, Wil 2, - Since this holds for

all v in Z(R" ~ {0}), a dense subset of LZ(,u) , (a) must be true.
To verify the last assertion, suppose f € %, , with A f=g®(@v+N,). By

Proposition 3.6, A((~D)"h) = p, ® (" (0) + N,) . Using Proposition 3.4 with
T= 5}, , we have (&) = 9 and

(4.3) A, *(-D)"'h)=tp, ® (0" (0) + N,).
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Thus, (f, 3, *(-D)*h), = [ g@p,du+v" 4p"™(0) = (—)"4,(v). Here, 4, is
as above so, as already noted, //1; = (iD)af; this gives the desired equality. O
Our error estimates will be based on the following

Theorem 4.2. Let m, h, u and a, be as in Theorem 2.1. Assume that u
satisfies (4.1) with [ > max{1, m}. For a point x; in R" suppose that o is a
real-valued, compactly supported Radon measure on R" such that

(4.4) p(x,) = / p(x)da(x)

forall p in P_,. Then forall [ in %1

(4.5) y.ﬂxO) - [ redow] <elfl, [ b -xl'dlol).

where ¢ = {s+ [ 161" /(I)* du(@)}'"? with s =50y X ipiem [ 4a. 5| Jor [=m
and s=0 for [ >m.

Proof. Let v = (3x0 -0 . By (44), [p(x)dv(x) =0 for all p € P,_,. Since
! > m, Proposition 3.5 applies to v, and from (3.12),

(4.6) |[ Tov | < line (w + Nl 171,
Here, wy = [(ix)’dv(x), |f|=m.If I >m, then w=0;if / =m, then
= im/(x —xy) dv(x)=0-i" /(x —x,)/ da(x).
Defining R(6) by e’ = Y"1~} (i) /k! + R(6) , we have |R(6)| <|6]'/I! and
C0dn@) = [T dui = [ R =%, 9) dvx)
—/R((x—xo, £)) do(x).

If b= [|x —x0|1d|a|(x), then |n(&)| < b|f|[/l! and, for [ = m, |wy| < b.
From this we obtain ||[n ® (w + N,)||,; < cb and (4.5) follows. O

To obtain the error estimates mentioned at the beginning of this section, we
apply Theorem 4.2to f=g— gX . Because of the minimum norm property of

, 171, < llgll, - Since other fixed bounds on || f||, result in acceptable error
estimates, the minimum norm requirement on gX could be relaxed to simply
a requirement that || gX|| , not exceed some set bound. If we choose ¢ so that
supp 0 C X, then [ g — nga =0, and (4.5) gives

(4.7) g - £ ()| < el 1 [ bx = xgl'dlaco)
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To make such a choice of ¢ possible, it may be necessary to restrict x;,. From
(4.4) we see that if p =0 on supp o then p(x,) =0. Let

N_,(X)={peP_,:plx)=0 forall xe X},

(X),_,={xeR": p(x)=0 forallpe N,_,(X)}.

Proposition 4.3. Let E,_,(x,, X) be the set of all real-valued, compactly sup-
ported Radon measures on R" that satisfy both (4.4) and suppo C X. Then
E,_|(xy, X) is nonempty if and only if x, € (X),_, .

Proof. Necessity of x, € (X),_, is evident from the preceding discussion. To
see that this is also sufficient, consider the linear functionals on P,_, defined
by L (p) = p(x). Choose a (finite) subset ¥ of X such that {L : y e Y}
is linearly independent and L € span{L,: y € Y} forall x in X. Then,
N,_(Y)=N,_,(X) and (Y),_, = (X),_,. Also, {Ly .y € Y} is a basis for
(P,_I/N,_I(Y))' slet {p,+N,_(Y):ye Y} be the dual basis. If the polynomi-
als p, are replaced by their real parts, the result is still dual to {Ly cyeY}.
We may therefore assume that each p, is real-valued. For x, in (Y),_,,
on gives a linear functional on P,_,/N,_,(Y). Thus, on =Y _yc, L with

yeY "y Ty
¢, = on(py) , and it follows that 0 =} _, ¢, 6 isin E,_ (x,, X). O

yeY “y~y
Of course, (4.7) will give a better error estimate if o is chosen from
E,_,(x,, X) so as to minimize [|x — xolldlal(x); we made no attempt to
do this with our choice of ¢ in the preceding proof.

We turn now to an analysis of the rate at which the error estimate goes to
zero as the coverage by X improves. For this we fix a region Q and a function

g€ %’jl.m and, for various X, look at bounds on |g — gXIQ given by (4.7).
Here we use the notation |f|, = sup, . [/(xX)].
The number d = d(Q, X) defined by

(4.8) d(Q, X)=supinf |y — x|
yeg)CeX

is a standard measurement of how closely X covers Q. Using (4.7) and some
mild assumptions about €, we will show that

(4.9) lg - g1, = 0.

In order to use (4.7), we assume (4.1). In that case, Proposition 4.1 assures us
of a uniform bound for the /th order derivatives of g — g* . From this and
(4.9), we can deduce that the derivatives D"(g — g*) of intermediate order
0<|e| <! satisfy O(d'~") estimates.

To establish (4.9), we proceed along lines used by Duchon [6]. We start by
assuming that there are positive constants M, &, such that for every 0 <& <

&>

(4.10) Qc | J{B(t,eM): teT,},
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where T, = {t e R": B(t,¢) C Q}, B(t,r)={x €R": |x — 1| < r}. Argu-
ments in §1 of [6] show that such constants M, ¢, will exist if Q satisfies a
cone condition.

Next we select a P,_,-unisolvent set of points a(a) € R", |a| < /. A corre-
sponding set of Lagrange polynominals, p;‘ € P_,, |7] <, is determined by the
requirements: p;(a(a)) =1,for a=y; p;(a(a)) =0, for a # y. The matrix
A, 5= (a(a))ﬂ , la| <1, |B| <! is nonsingular. If p,(x)= Z|ﬁ|<[(A_l)ﬂ,7'x’B ,
then p (a(a)) = (AA_I)(W ;80 p, = p:. The function « — a(a) can be iden-
tified with a point in B = Hlak,B(a(a), 0). Clearly, b € B if and only if
|b(a) —a(a)| < é for all |a] < /. Now choose § > 0 so that B, ;= (b(a))ﬂ
is invertible for all b € B. As justified by replacing the points a(a) with the
points 6 'a(a), we assume & = 1.

Choose R so that B(0, R) contains all the unit balls B(a(a), 1), |of <.
The Lagrange polynomials p: depend continuously on b. Let

A(r) = sup { Z |pZ(x)| x| <rbe B} .

Jal<!

For d = d(Q, X) < ¢,/R, set ¢ = Rd and fix a point ¢ in T,. The balls
B(t+ da(a), d) are contained in B(t, Rd) = B(t, ¢) C Q. By (4.8), for every
la| </, there is at least one point x_ in XNB(t+da(a), d). If b is the point
in B defined by x, =+ db(e), and

o= Z p: <X0d— t) 5xu

|| <!
with x, arbitrary, then supp ¢ C XNB(t, ¢), and (4.4) holds forall p € P,_,;
to verify (4.4), take g sothat p(x) = g((x—t)/d) and use Z|(![<I pz(y)q(b(a)) =
g(y) with y = (x,—1)/d .
Suppose x, € B(t,eM +d). Then, |x,—t]/d < (RM + 1), s0 [d|o| <
A(RM + 1) . Also, for x € supp o,

|Xx —xo| S |x =t + ]t —x)| < (R+RM + 1)d.
Thus, [|x — x| d|o| < C°d" with C° = (R+ RM + 1)'A(RM + 1). Since
X, 1s any point in B(tz, eM +d), (4.7) gives |g — gXIB(,’eMer) < c||f||hC0d’.
By (4.10), if y € Q, we can choose ¢ € T, so that y € B(t,eM). Then
B(y,d)Cc B(t,eM +d), so forevery y € Q,
X 0 !
(4~11) ‘g_g |B().,d)S€C “f”hd .
This is more than required for (4.9), but will be useful for derivative estimates.

By Proposition 4.1, f = g — gX is in CI(R"). For y € Q, 6§ € R and
uecR" with |u|=1,let p(0) = f(y + 6u). Then

(4.12) o) = k'S %TD"f(y+0u).
=k
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By (b) in Proposition (4.1), ¢, < C'||/], with C' = NS, ./l From
(4.11) we also have a bound on |¢|, where I is the interval [-d, d]. For
0 < k < [, the results of Gorny [8] summarized in [12] then give

(4.13) 00 < ClIflld ™,

where C, = 16(2¢)(c C°)'™*'Imax(C’, 127'¢ C°)]*/". Note that C, can be
calculated from n,/, m, h and M ; the choice of R depends only on / and
n,so C° requires only /, n, M, while ¢ and C’ require only m, h, [, n.
Combining (4.12) and (4.13) gives

(4.14) sup

lul=1

o C -
>, 5D )| < sl

el =k

for every y € Q. Since

[v], = sup
lu|=1

ua
—v
ljlék al @

is a norm for ¥, , we conclude that |[D“f], = 0(d1_|“|) for every |a| < /. To
summarize, we state

Theorem 4.4. Let m, h, u and a, be as in Theorem 2.1. Assume (4.1) holds
with | > max{1, m}, and suppose Q is a subset of R" that satisfies (4.10) for
some M, ¢, > 0. Then there are positive constants C, d, such that if f € %,m

vanishes on a set X and the number d = d(Q, X) defined by (4.8) is less than
d,, then for all |o| <1,

(4.15) ID* /1, < CIIAIl, d "

5. EXAMPLES

In this section we look at some examples of conditionally positive definite
functions /. For these examples we determine the measure u-and coefficients
a,, 7| = 2m, that appear in (2.4). As can be seen from (5.2) below, these
examples all satisfy (4.1) and do so for arbitrarily large choices of /. Thus the
error estimates in §4 apply, showing that for interpolation based on any of the
h’s given here, approximation of arbitrarily high order can be achieved.

For a € R, let w, be the function on R" defined by

2K, _nn(€)
_ (n—a)/2
(5.1) w, () = 2y P 22 e

where K, is a modified Bessel function of the second kind. From the behavior
of K, (r) at r=0 and r = co we note that

(5.2) / 1€[P w, (£)dE < oo
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ifandonly if a+2/>0. For acR, a#0, -2, -4, ..., let
I'(a/2)
5.3) hy(x) = ——5—,

and for a=-2k, k=0,1,2, ..., define h, by

hoy(x) = tim [k, (0) = T(a/2)(1 + |x)']

(5.4) 1

k!

The last equality can be verified by using I'(%¢ + k + 1) = (4 + k) --- (4)T (%)
together with

(1+ x)* log(1 + x]).

d 2 (L+ X)) = (1 + x P
@) D = lim (—a/2) —k
Lemma 5.1. If $ € Z(R" ~ {0}), then for all a in R
(5.5) / h,(X)p(x)dx = / FEw, (&) de.

Proof. A basic fact used in the theory of Bessel potentials is that (5.5) holds
forall p € 5 if a > 0; see [2], [3] or [4]. For § € Z(R" ~ {0}) an analytic
continuation argument gives (5.5) for a # 0, —2, —4, ... . To obtain (5.5) for

the remaining values of a = —2k, we take limits. If f(f) = (1 + |x|2)’ and
a#0,-2,—-4,...,then

1
a 2.k a a a
[0 =T (§) 1+ 1xP)*] = (§+k)l"(—2—)/0 F (k= (5 +K)s) ds.
Estimates from this can be used to justify an application of Lebesgue’s domi-
nated convergence theorem that shows

[ haiodx = tim [ [, -1 (2) 1+ ] oo dx.
Now ¢ € Z(R" ~ {0}), so [(1 + |x|2)k(p_(x)dx = 0. We therefore have
Jh_ s (X)p(x)dx = lim,_,_,, [¢(&)w,(&)dE, which gives (5.5) for a = —2k . O

Theorem 5.2. If m is a nonnegative integer and a +2m > 0, then (2.4) holds
with h=h,, du(&) = w, (&)d&, and a,=0 for |y|=2m.

Proof. If m =0, then a > 0. As already mentioned, (5.5) holds for all ¢ in
& if a > 0; thus, we have (2.4) with m = 0 and a > 0. For the rest of the
proof we assume m > 1. Let

. 2m—1 o k
w0 = [ [e“<""='>—z<¢) > R ED o @) ae.
k=0 '

By Proposition 2.2 we have u, € C(R"), u,(x) = 0(|x|2m), and for all ¢
in &
[ uxodx=s,, 9,
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where (S, v) = [[v - xTm! w1(€)w,(&)dE. Let T, be the tempered distri-
bution defined by [ 4, (x)e(x)dx =(T,, @). By (5.5), (T,, y) =(S,, y) for
all y e Z(R" ~{0}). Thus, (T, -S,)” = h, —u, is a polynomial g. Both
h, and u, are 0(|x|2m) at |x| = oo, so deg ¢ < 2m . The desired instance of
(2.4) now follows from (h, —¢q, ¢) =(S,, ). O

6. EQUIVALENCE OF DEFINITIONS
Theorem 6.1 below, when combined with Proposition 2.4, shows the equiv-
alence of the definition of conditional posmve definiteness adopted here with
that used in [11]. As in [11], we define P _, to be the space of all finite mea-

sures v on R”" that have support consisting of a finite set of points and satisfy
v(p) =0 forall p € P,_,. The space obtained by relaxing the support re-
qu1rement to allow compact sets, rather than only finite sets, will be denoted by
(Pm - If 1/_21 1016\ , then

(u*h) iic, ¢ h(x, —x)

1=1 j=I

cx; =0 forall |af < m. If dv(x) = p(x)dx

and v € P _, if and only if Z
then

111

1/ y*iz =//(p(x)mh(x—y)dxdy,

and v isin (P, ) if p €2, .

Theorem 6.1. Let h be an arbitraryfunclion in CR"). If v (1/ * 71) >0 holds
forall v e P , then it holds for all v € (P, _ l)

Proof. Fix v in (P,i'_l) and let K be its support. Recall that the finite Borel

measures on K form the dual C(K) of C(K), the continuous functions on K
with the sup norm topology. The norms involved in this duahty will be written
as follows: for f € C(K), |f|g =sup ., |f(x)|; for 0 € C(K)', |o|l = [ d]|a].
Let hy(x) = h(y — x). K is compact, so for every ¢ > 0 there is a finite set
F, C K such that, if y € K, then |, — hy0|1< < ¢ for at least one y, € F,. If
o is in the weak* neighborhood

U(V,F£,£)={JEC (o~ v)(h, )|<8forallyoeF}
and y € K, then, for a suitable choice of y, € F,,
(6 —v)(h)|=]|(6 —v)( h —h )+(a—l/)(h W< (lo—v| + 1)

Since (0 —v) * h(y) = (o — u)(hy) , we get |(0 —v)*h|; < (o —v| +1)e for
all ceU(v, F,, ¢). For such ¢ let w be the number defined by

w=a<m)—u(m):a((a—y)*ﬁ)+(a—u)(y*h>

and observe |w| < ||o|||(6 —v) * k|, + (0 —v)(v *h)|.
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Let B={oe C(K): |o] <|lv|} and take C = BN (P, _),S=BNP;_,.
By arguments given below, S is weak* dense in C. This allows us to choose

ceSN{oeUW,F, ¢&):|(0-v)(v*h)|<e}.
For that choice we have o(o * h) > 0 and
lw| < |lofl(le —vil+ De+e< v Qv+ 1)e+e.

Since w is arbitrarily small, we see that v(v * h) must be arbitrarily close to
points on the positive real axis and hence must be greater than or equal to zero.

C 1is convex and weak* compact so, by the Krein-Milman theorem, C is
the closed convex hull of its extreme points. Since S is convex, it will be
weak™ dense if it contains all of the extreme points of C. Suppose g, is an
extreme point of C that is not in S. Then supp g, cannot be a finite set,
so we can subdivide it into J = 2(1 +dim P, _|) disjoint subsets E,, ..., E,
with |g;|(E)) # 0. Let 0/(E) = 0,(E, N E) and take ¢, ; = [x"do;(x). By a

dimension argument, there is a point a € R’ ~ {0} that satisfies the equations

J J
Yaloll=0;  Yac, =0, laf<m.
J=1 J=1

For t€R,let o' =¥/ (1+ta,)o,. Then, o' € (P,_ ), andif (1+1a;) >0,

J J
t
o'l = (1 +2a)loll =D lloll = llogll < ]l
J=1

J=1

Thus, ¢' € C for all ¢ in an interval about 0. This contradicts the assumption
that g, was an extreme point of C because o = g, only if ¢ =0, as seen
from the fact that a # 0 and |lo;|| #0 forall j=1,...,J. O
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